W e explain the poor out-of-sample performance of mean-variance optimized portfolios, developing theoretical bias adjustments for estimation risk by asymptotically expanding future returns of portfolios formed with estimated weights. We provide closed-form non-Bayesian adjustments of classical estimates of portfolio mean and standard deviation. The adjustments significantly reduce bias in international equity portfolios, increase economic gains, and are robust to sample size and to nonnormality. Dominant terms grow linearly with the number of assets and decline inversely with the number of past time periods. Under suitable conditions, Sharpe-ratio maximizing tangency portfolios become more diversified. Using these approximation methods it may be possible to assess, before investing, the effect of statistical estimation error on portfolio performance.
Introduction
Since the development of portfolio theory by Markowitz (1952) , mean-variance efficient portfolios have received considerable attention, playing a key role in a variety of financial fields from investment analysis and asset pricing to topics in corporate finance. It is well known that the often-disappointing performance of mean-variance optimized portfolios, in large part, stems from the use of past performance to estimate the unknown parameters of the assets' probability distribution. Even when a statistical estimator is unbiased, bias can emerge when the estimator is used as an input to a nonlinear optimization process. Finding a solution to this combined estimation/optimization problem has been pursued in various ways, both theoretically, primarily using Bayesian methods, and empirically. Yet the current literature does not provide theoretical guidance as to the exact size of the impact of estimation error, or as to when and how mean-variance techniques should be used. This paper gives that analysis, by proving asymptotic non-Bayesian closed-form formulas for portfolio performance while accounting for estimation risk. This is the first theoretical paper in the existing literature to quantify the impact of estimation error without relying upon prior assumptions on the unknown parameters, and to give an adjustment for statistical noise that will asymptotically reflect the actual performance, within the Markowitz mean-variance framework.
We perform the following thought experiment. Suppose that an investor forms classical sample estimates of asset means, variances, and covariances and uses them as if they were the true assets' distribution parameters to form mean-variance efficient portfolios and to judge their anticipated performance. We refer to these classical sample performance estimates as "naïve" estimates because they do not take into account the estimation error stemming from using a sample rather than the population in determining these parameters. If the estimation error wrongly suggests that an asset will have a high expected return, then an optimized portfolio heavily invested in this asset will be disappointing. In particular, the naïve portfolio mean estimates tend to be biased upwards and the naïve portfolio variance estimates tend to be biased downwards, resulting in nominally efficient portfolios that are "over-optimistic," in the sense that such an investor will believe she can achieve a higher mean and lower variance than is actually available from the performance of her portfolio. We quantify this "over-optimism" bias in closed-form asymptotic formulas, which help in two ways when portfolio weights are influenced by statistical noise. First, there may be a systematic component that moves the mean performance away from the target mean; this effect is captured by our mean adjustment. Second, to the extent that the portfolio weights inherit the variability of the noise, the variance of the portfolio performance will increase; this is precisely the effect that is picked up by our standard deviation adjustment.
Our contributions are derived within a new theoretical framework, giving the investor an adjustment to the performance of naïvely-estimated efficient portfolios that will more accurately reflect actual portfolio performance by accounting for estimation error distortions. Achieving this closed-form bias adjustment for the mean and the risk is not an easy task because the exact functional forms of the mean and standard deviation of next-period performance of a naïvely-formed portfolio are very complex once estimation error has been used by the nonlinear multivariate optimization process. We use the method of statistical differentials to find Taylor-series approximations to expectations of random variables, obtaining results that are asymptotically correct when the number of time periods is large and that remain statistically consistent when estimated values are substituted for unknown parameters. In effect, we use perturbation analysis to discover how estimation errors are misused by the mean-variance optimization technology in its attempt to improve performance while wrongly believing that the estimated parameters are correct.
A number of approaches have been proposed to study and resolve the problem of bias resulting from estimation error. Our theoretical adjustment is consistent with the empirical findings in the literature regarding the bias induced by estimation error on mean-variance efficient portfolios, including empirical studies of the estimation risk problem by Frost and Savarino (1986b) , who observe through simulation that the magnitude of the problem depends on the ratio of the number of assets to the number of observed time periods. Results on diversification and mean-variance efficiency by Green and Hollifield (1992) are motivated by the observation that, when using sample moments, the resulting portfolios are often highly nondiversified. Frankfurter et al. (1971) perform an experiment in which the impact of estimation error is so strong that the usefulness of mean-variance approaches is questioned. Muller (1993) shows that optimized portfolios tend to be more risky ex post than predicted ex ante. Chopra and Ziemba (1993) find (for perturbations of individual covariance matrix elements) and Merton (1980) shows (for the one-asset case) that the influence of the estimation error in the mean is more critical than the error in the variance. Dhingra (1980) shows that the uncertainty in optimal portfolio selection increases with the target return. Clarkson et al. (1996) show that estimation risk has a meaningful and measurable nondiversifiable component. Inference methods for the estimated weights of mean-variance portfolios may be found in BrittenJones (1999) . Solutions to the estimation risk problem include Jorion (1986 Jorion ( , 1991 , who shows how a James-Stein shrinkage estimator outperforms the sample mean, and Fomby and Samanta (1991) , who study a non-Bayesian Stein-Rule approach. For an agent with quadratic utility, ter Horst et al. (2002) show how to adjust the level of risk aversion to compensate for estimation risk of the asset expected returns. The effects of estimation risk on market prices and returns are studied by Lewellen and Shanken (2002) . Michaud (1998) reviews the problems associated with meanvariance efficient portfolios and presents a number of estimation techniques.
An estimated portfolio might be compared to the ideal portfolio that could be formed in the absence of statistical noise. Jobson and Korkie (1980) study statistical properties of the estimated Sharpe-ratio maximizing portfolio, as compared to the ideal portfolio that maximizes the Sharpe ratio for the true asset means and covariance matrix, which are unobservable to investors with noisy data. In contrast, we examine the step-ahead performance of estimated portfolios and, although this step-ahead performance depends on unknown parameters, we show how to obtain consistent estimators (with statistically significant bias reduction) using only the sample data.
A Bayesian model with a noninformative prior fails to account for bias in the mean. For example, a theoretical Bayesian approach to estimation risk (Bawa et al. 1979) incorporates estimation risk directly into the decision problem using predictive distributions. Using Jeffreys' noninformative invariant priors, they find that no adjustment in the mean of the predictive distribution is needed due to estimation risk. They do, however, find an estimation-risk adjustment to the sample standard deviation. Yet as Chopra and Ziemba (1993) find (for perturbations of individual covariance matrix elements) and Merton (1980) shows (for the one-asset case), the estimation error in the asset means is more critical than the estimation error in the variance, hence our second-order adjustments for estimation risk appear to be more useful than those from a Bayesian approach using noninformative priors; however, Kan and Zhou (2005) show that the cost of not knowing the covariance matrix is not always second order when N /T is large. In related research, MacLean et al. (2004) develop an empirical Bayes estimate for the expected rate of return on securities by estimating the parameters in a geometric Brownian motion model. Barberis (2000) shows that it is important to incorporate estimation risk in the portfolio allocation decisions made by investors, by looking at the portfolio allocation using a Bayesian approach for computing the predictive distribution of asset returns. He concludes that portfolio calculations can be seriously misleading if estimation error is ignored. Klein and Bawa (1976) show that, using a Bayesian procedure incorporating estimation risk directly into the decision process, the optimal portfolio choice differs considerably from the traditional analysis. Frost and Savarino (1986a) find that estimation risk is reduced using an informative prior having the property that all securities have the same expected returns, variances, and pairwise correlations. Pástor and Stambaugh (2000) compare asset pricing models and find that both margin requirements and parameter uncertainty reduce the economic loss due to holding a suboptimal portfolio given the investor's original beliefs about the true model underlying asset returns. Tu and Zhou (2004) consider data generating process uncertainty in addition to parameter and model uncertainty, and find that the economic loss caused by data generating process uncertainty is small. Our results are consistent with this, in that while our derivations assume normality, bootstrap robustness tests show that our bias adjustments are effective with nonnormal empirical data. Kan and Zhou (2005) study quadratic-utility-maximizing portfolios formed under statistical uncertainty and demonstrate the suboptimality of the sample tangency portfolio, deriving new portfolio rules with improved utility. Basak et al. (2004) show that the in-sample variance estimate for a global minimum risk portfolio will on average be strictly smaller than its true variance in the presence of estimation error and develop a Jackknife-type estimator of the optimal portfolio's variance.
We use international country equity indexes to illustrate the adjustments, construct efficient frontiers, and test for significant reductions in the out-of-sample bias in the mean. Other empirical studies also consider the estimation problem using international data, including Jorion (1985) , who studies the international equity allocation problem under estimation risk and finds that there is a substantial increase in the out-ofsample performance of the optimal portfolio using a Stein shrinkage factor. Eun and Resnick (1994) show that there are greater gains from international diversification for US investors who control for estimation risk ex ante.
Section 2 derives the second-order bias adjustment for the efficient frontier, while §3 shows how to adjust the Sharpe-ratio-maximizing tangency portfolio on the capital market line and explores the tendency of bias adjustment to increase portfolio diversification.
Empirical results in §4 examine the effect of the bias adjustment on internationally-diversified equity portfolios in three ways: first, showing the extent of the adjustment over the entire sample; second, testing the finite-sample correctness of the asymptotic theory using bootstrap simulations matched to the international data; and finally, testing the effectiveness of the adjustment using step-ahead performance of portfolios formed from a window of past data. A summary and discussion follow in §5. Proofs are in the online appendix available in the e-companion. 1
The Efficient Frontier Adjusted for Bias
Consider n ≥ 2 assets with rates of return observed over T + 1 time intervals, where R it denotes the observed rate of return on asset i at time t. Asset return vectors R t = R 1t R nt are assumed to be independent and identically normally distributed with unknown true mean vector = E R t estimated unbiasedly at time T asˆ = T t=1 R t /T , and with unknown true covariance matrix V = Cov R t estimated unbi-
We assume that the elements of are not all equal and that V is nonsingular. Denote the estimation errors as =ˆ − and = V − V . Using these estimates based on observations at times t = 1 T , the classical mean-variance optimal portfolio is estimated, for a given target portfolio mean 0 , using weights
where we define the n × 1 vector 1 = 1 1 1 and the 2 × 2 matrix B = 1ˆ V −1 1ˆ −1 . Note that the weights w would be mean-variance optimal ifˆ and V were the true parameters, but are instead suboptimal as compared to the best-possible but unobservable weights
The next-period performance (at time T + 1) of a portfolio with estimated weights w is measured by its observed rate of return w R T +1 . To characterize this next-period performance, we seek adjustments to two naïve performance estimators. The naïve portfolio mean is defined as the target mean 0 = w ˆ , while the naïve portfolio risk is the standard deviation 0 = w V w 1/2 . Note that 0 would be the portfolio mean and 0 would be the portfolio standard deviation if R T +1 were chosen from a distribution with meanˆ and covariance matrix V instead of the true parameters and V . We let 0 = w Vw 1/2 denote the standard deviation of the portfolio with weights w based on the unobservable true parameters.
Our main results will suggest an approximate correction for the bias of these naïve performance estimators by using the following adjusted measures of the portfolio expectation and risk:
whereˆ * = − B 12 / B 22 . These adjusted measures more accurately represent the "actual portfolio mean"˜ = E wR T +1 and "actual portfolio standard deviation"
Finding these adjustments is a difficult task because the expectations involved do not seem to have closedform mathematical solutions. For example, the actual portfolio meañ
involves the expected value of the product of two correlated random matrices, V −1 1ˆ and 1ˆ · V −1 1ˆ −1 . To asymptotically approximate these difficult expectations of functions of estimated valuesˆ and V , we chose the method of statistical differentials (also called the delta method), which substitutes the expected value of a second-order Taylor series expansion (expanded about the unknown true values and V ) in place of the function itself (Kotz et al. 1988 ). If we write the Taylor series approximation to a function f as
where S 1 f denotes the first-order terms (which have expectation zero because the statistical differentials =ˆ − and = V − V have mean zero due to unbiasedness ofˆ and V and S 2 f denotes the second-order terms, then the deltamethod asymptotic expectation, denoted E f ˆ V , will be
It is reasonable to consider Taylor series expansions of the nonlinear matrix expressions that result from mean-variance optimization because the estimation error terms =ˆ − and = V − V are asymptotically small, tending in distribution to zero as T → for fixed n (in fact, √ T and √ T converge in distribution to multivariate normal distributions). Shortcomings of the second-order approximation are mitigated, to some extent, by the fact that the expectations of all third-order terms are asymptotically zero. Thus, while we have computed only second-order expansions, we can actually claim to be correct to third order. The main results, presented below in Theorems 1 and 2, show how an investor can adjust for the bias inherent in the use of estimated values ˆ V in place of the true asset parameters V , where these adjustments approximately reflect the future uncertainty of the not-yet-observed time T + 1 asset returns R T +1 together with the estimation uncertainty in the weights w.
Theorem 1. The target mean 0 is systematically biased as a measure of expected future performance because the delta-method expectation of future performance is
where * = −B 12 /B 22 is the mean of the globally minimum variance portfolio. If we define the adjusted mean to be the estimated right-hand side of (7) so that 
Theorem 2. The naïve variance 2 0 is systematically biased because its delta-method expectation is
while the actual portfolio variance, evaluated using the delta-method, is
If we define the adjusted standard deviation to be
adjusted is a second-order unbiased estimator of actual portfolio variance, eliminating the O 1/T term from the bias in the sense that
Proofs are in the online appendix. Note, as expected, that the adjusted expected returnˆ adjusted from (8) is less than the target mean 0 when the target mean exceeds the estimated mean returnˆ * of the globally minimum-risk portfolio and n > 3, and that the adjusted standard deviation adjusted from (12) always exceeds the naïve standard deviation 0 that would prevail if the true parameters V were equal to the estimated parameters ˆ V . Note that only n and T are used to find the adjusted risk adjusted from 0 , but that in finding the adjusted meanˆ adjusted from 0 , we also use the estimated valuesˆ and V to obtain B 22 andˆ * = − B 12 / B 22 .
For both the mean and the standard deviation, the bias adjustment is greater when there are more assets n and when there are fewer time periods T . Adjustments are inversely proportional to the number T of observations, which is reasonable because, with more data, we expect the estimates to be more reliable. Adjustments are directly proportional to a linear function of the number n of assets, which is reasonable because, with more assets, there is more flexibility available to mislead while optimizing over the wrong distribution. Thus, our theoretical results confirm, in a more general setting, the empirical observations of Frost and Savarino (1986b) .
The adjusted efficient frontier, obtained by adjusting both the mean and the standard deviation, is derived below in Theorem 3 and shown in Figure 1 . 
Capital Market Lines and Optimal Portfolio Choice
For a given risk-free rate, the capital market line (CML) is tangent to the efficient frontier and shows the location of all mean-variance quadratic-utilitymaximizing portfolios for a given set of assets. How is the CML affected by estimation risk? The anticipated performance of the naïve frontier adjusted for estimation error is represented by the adjusted frontier, as derived in the previous section. Therefore, the tangency portfolio on the naïve CML (tangent to the naïve frontier) will not perform as well as the naïve CML indicates, and will perform worse than the tangency portfolio on the adjusted CML (tangent to the adjusted frontier). In this section, we show how to adjust the maximized Sharpe ratio of the tangency portfolio downwards to reflect estimation uncertainty. Then, we derive the equations of the adjusted CML and the weights of the optimal quadratic-utility maximizing portfolios. Moreover, we show that under suitable conditions, the tangency portfolio on the biasadjusted CML is more diversified than the tangency portfolio on the naïve CML. Given a riskless rate r f , the naïve maximized Sharpe ratio S naïve is the maximum reward-to-risk value 0 − r f / 0 that would be available, by varying 0 , if the estimated asset parameters were the true parameters.
Theorem 4. Assuming that r f <ˆ * , the adjusted Sharpe ratio S adjusted , defined for the adjusted frontier and riskless rate r f , may be expressed in terms of the naïve Sharpe ratio S as Note. The maximized utility along the adjusted CML is higher than the actual utility of investing on the naïve CML.
The adjusted-Sharpe ratio is the slope of the adjusted CML. We give equations for the adjusted CML below, while the corollary that follows gives their equity weights.
Theorem 5. Assuming that r f <ˆ * and given an investment weight of x in the risk-free rate, the equations of the adjusted CML arê Figure 2 illustrates the naïve and the adjusted CMLs, as well as optimal quadratic-utility maximizing portfolios. The two CMLs can give very different optimal portfolio choices for an investor. The adjusted frontier is a better approximation of the actual portfolio performance: asymptotically the portfolio on the adjusted CML that maximizes the investor's utility function is preferred to any other. The next corollary derives the weights for the adjusted-Sharpe-ratio maximizing portfolio.
Corollary. Assuming that r f <ˆ * , the portfolio weights of the adjusted Sharpe-ratio maximizing tangency portfolio are
is the naïve target mean whose corresponding adjusted performance is that of the adjusted Sharpe-ratio maximizing portfolio.
To assess diversification, we use a quadratic form on the portfolio weights, an approach similar to that used by Green and Hollifield (1992) . We define
and note that Div will be close to 0 for a well-diversified portfolio (the most diversified portfolio being the equally-weighted portfolio) and that Div is everywhere nonnegative and becomes larger as the portfolio becomes less diversified. 
Theorem 6. The adjusted Sharpe-ratio maximizing portfolio is more diversified than the naïve Sharpe-ratio maximizing portfolio, provided

Empirical Results with International Portfolios
Empirical results are presented in this section for the theoretical bias adjustments of the efficient frontier, the CML, and the optimal utility-maximizing portfolio. Because the adjustments are asymptotic, questions arise: How well do the bias adjustments work in finite samples? How significant, statistically and economically, are the adjustments? Using international portfolio equity returns, the investment opportunity set consists of index portfolios for a set of n countries. Portfolios are formed by estimating the efficient portfolio weights based on past performance. Monthly returns then are computed from the total return country index with dividends reinvested, obtained from Morgan Stanley Capital International (MSCI), for the 408-month period 1/30/1970 to 12/31/2003. The riskfree rate is the nominal one-month risk-free rate based on average prices matching the index return period, obtained from the Center for Research in Security Prices (CRSP). The bias adjustment is studied empirically in three ways. First, we look at the size of the adjustment while using the full data set to see how the size of the adjustment varies with the number of countries. Second, we use bootstrap simulations to study the adjustment in a context where the actual mean-variance frontier (matched to the full sample) is known while relaxing the normality assumption used in the derivations. Substantially similar results were found using multivariate normal simulations in place of bootstrap sampling. Finally, we use moving data windows of 36, 48, 60, and 120 months (3, 4, 5, and 10 years) to compare actual step-ahead performance to those predicted by the naïve and adjusted frontiers and to compute the certainty-equivalent loss for a quadratic utility maximizing agent who ignores estimation risk. We also examine the change in diversification of Sharperatio maximizing tangency portfolios implied by Theorem 6.
Adjusted International Efficient Frontiers
Efficient frontiers for the full data set may be computed with and without adjustment to see how the size of the bias adjustment varies with the number of countries. Figure 3 shows the naïve (continuous line) and adjusted frontiers (dashed line, adjusted for estimation risk following Theorems 1 and 2) for portfolios using international equity returns from three to six countries chosen in the following order: United States, United Kingdom, Japan, Hong Kong, Germany, and Australia. With three assets the two frontiers are almost identical, illustrating that the variance adjustment is small and that the unadjusted mean is second-order unbiased (not needing adjustment) when n = 3. As the number of countries increases, there is an increase in the size of the adjustment, pushing the adjusted frontier toward the estimated minimum-variance portfolio.
Assessing Finite-Sample Properties Through
Bootstrap Simulation We present a bootstrap simulation study to assess the finite-sample effectiveness of the asymptotic bias adjustment in a situation where we know the true generating distribution for the asset returns. By using bootstrap methodology, our results are robust to nonnormality and avoid the choice of a particular parametric distribution. We began with the full data set of 408 months for four countries (United States, United Kingdom, Japan, and Hong Kong) which define the population of months from which the bootstrap method samples (with replacement) vectors of country returns, drawing all four country returns simultaneously from the sampled month to preserve the empirical covariance structure.
We consider four time horizons: T = 60, 120, 408, and 1,000 months, choosing in each case 10,000 T × 4 bootstrap samples (each sample is a time series of returns on four country indexes over T time intervals). For each bootstrap sample and each target mean 0 , we compute the naïve portfolio weights and find three means and three standard deviations (naïve, adjusted, and actual). The actual means and standard deviations, for a given portfolio, are computed for a very large sample from the bootstrap distribution by using the empirical mean vector and covariance matrix of the full data set. We define the three bootstrap efficient frontiers (naïve, adjusted, and actual) by averaging the 10,000 means and averaging the 10,000 standard deviations for each 0 .
Our proposed adjustment appears to effectively eliminate nearly all of the bias as shown in Figure 4 . For all sample sizes the naïve frontier is biased (showing a higher mean on the upper branch than is actually available) and the adjusted frontier is considerably closer to the actual frontier. Larger sample size leads to better statistical information, and this has two consequences. First, the naïve frontiers become narrower (less biased, having smaller asymptotic slope) because, as sample size grows, the optimization step is less distorted by the noise in the data. Second, the adjusted and actual frontiers become wider because, as sample size grows, the estimated weights move closer to the true optimal weights.
Statistical and Economic Significance-Effect
on Diversification We present three tests of the theoretical bias adjustments. First, we assess whether the adjusted mean is closer to the actual mean than is the naïve target mean. Second, we test whether the theoretical increase in diversification implied by Theorem 6 is statistically significant. Finally, we assess economic impact by estimating the certainty-equivalent loss incurred by an agent exposed to estimation risk who neglects the opportunity to use the theoretical bias adjustments.
We test the statistical significance of the estimationrisk bias adjustment by forming portfolios, each using estimates from a fixed-length window of data, then calculating the time series of one-step-ahead performance w t R t+1 , and comparing this time series of actual performance to the performance anticipated by the naïve and the adjusted frontiers. At each step in time, using a window of the most recent 36, 48, 60, or 120 months of data, we calculate the meanvariance frontier (with and without adjustment) and estimate the portfolio weights w t corresponding to a fixed target mean of 2%. We then observe the rate of return w t R t+1 of this estimated portfolio for the following month. In this way, we obtain three time series data sets (actual performance, naïve performance, and bias-adjusted performance) from which we compute median differences and p-values from the Wilcoxon signed rank test. Cross-sectional testing was used after verifying that the series showed insignificant autocorrelation; nonparametric testing methodology was chosen to limit the influence of outliers. Table 1 reports estimates and tests of the bias for varying numbers of countries and window sizes, measuring the bias as the median difference (in percentage points) between monthly ex ante anticipated target mean (naïve 0 = 2% or adjusted), and actual performance. In many cases, the adjustment reduces the bias and decreases or eliminates its significance. For example, forming portfolios with six countries and 48 months of past data, the naïve portfolio mean shows a highly significant bias of 1.22% per month, while the adjusted portfolio mean has a nonsignificant bias of 0.43%.
The naïve mean is significantly biased in 11 out of 16 cases. In theory, with three countries, the naïve mean is asymptotically unbiased for larger windows and indeed we find no evidence of bias for the larger windows of 48 months or greater (p = 0 167, 0.051, and 0.069), whereas with the shortest 36-month window we do find significant bias (p = 0 00013). With four, five, and six countries, where the naïve target mean is asymptotically biased according to theory, we find significant bias in all but two of the 12 cases.
The adjusted portfolio mean is significantly biased in only two out of 16 cases. Comparing the bias of naïve and adjusted means, we see that the significance of the bias is eliminated by the adjustment in nine of 11 cases (i.e., there were 11 cases in which the naïve mean is significantly biased and, in nine of these, the adjusted mean is not significantly biased). The two cases in which the adjustment does not eliminate the significance of the bias (36-month data window with three and with four countries) involve the shortest window with a small number of assets, suggesting that a sample of 36 months may be too small for the asymptotic theory to provide a complete adjustment when n is small. A striking result is that the bias adjustment, although asymptotic, works well for small samples, especially when the estimation risk is large, such as for the 36-month window with five and six countries, or the 48-month window with four or more countries.
Diversification was generally increased when adjusted Sharpe-ratio maximizing tangency portfolios were used instead of naïve Sharpe-ratio maximizing tangency portfolios, confirming an implication of Theorem 6. We tested this increase in diversification by calculating a time series of Sharpe-ratio maximizing portfolios using a 60-month rolling window and the CRSP nominal one-month risk-free rate based on average prices. We computed both the naïve and the adjusted Sharpe-ratio maximizing portfolios, and used the diversification measure defined in Equation (20) to evaluate the degree of diversification of these portfolios. Using four countries, we found that the adjusted Sharpe-ratio maximizing portfolio was more diversified than the naïve Sharpe-ratio maximizing portfolio 98.56% of the time (344 out of 349 times). With five countries, the adjusted Sharpe-ratio maximizing portfolio was more diversified 98.85% of the time (345 out of 349 times), while with six countries the adjusted Sharpe-ratio maximizing portfolio was more diversified 100% of the time. (Note that with three countries there is no adjustment in the mean and that the naïve Sharpe-ratio maximizing portfolio and the adjusted Sharpe-ratio maximizing portfolio have identical weights despite the adjustment for portfolio variance.)
Next, we consider the economic impact of the statistically significant results we have demonstrated for the bias adjustment. In particular, we ask: Is the optimal utility-maximizing portfolio on the naïve CML suboptimal to the utility-maximizing portfolio on the adjusted CML? To test the economic value of the bias adjustments, we use methodology similar to that used by Pástor and Stambaugh (2000) and by Tu and Zhou (2004) . For a given risk-aversion coefficient for an agent with a derived quadratic utility and a given data window, we compute the weights of two utilitymaximizing portfolios: one on the naïve CML, the other on the adjusted CML. We use fixed-size rolling windows to obtain a bivariate time series of actual returns from these two portfolios. Next, we compute the certainty-equivalent loss incurred by a quadraticutility agent who ignores estimation risk by holding the time series of naïvely constructed portfolio returns instead of using the bias adjustment. The quadratic utility with risk aversion A achieved by a random return R is taken to be
Let U naïve be the expected utility achieved by investing in the utility maximizing portfolio on the naïve CML, and define U adjusted similarly but using the adjusted CML. Utility is computed for a series of actual step-ahead returns by first computing its mean and variance. Each actual performance series is determined by three inputs: the risk aversion of the investor, the assets available in computing the portfolio weights, and the adjustment (or not) for estimation error. The first two inputs are identical for both the naïve and the adjusted portfolio series. Hence, any observed utility gain or loss from choosing one series of portfolio returns over another is attributable to the estimation risk bias adjustment. We compute the certainty-equivalent loss as the difference in expected utilities:
U adjusted − U naïve (22) Table 2 reports, for varying degrees of risk aversion, number of countries n and window sizes T , the percentage certainty-equivalent loss due to ignoring estimation error. Following Pástor and Stambaugh (2000) , we report results for the risk-aversion coefficient A = 2 83, as well as for agents with twice, and agents with half this risk-aversion coefficient. For three assets, the certainty-equivalent loss is entirely due to the variance adjustment because the mean adjustment is zero in this case. The estimated economic loss is increasing with n (the more assets used in the portfolio the larger the loss) and is decreasing in T (the larger the data window size the smaller the loss). The highest risk aversion (A = 5 66) leads to the smallest economic loss, while lower risk aversion is associated with a greater economic benefit from the estimation risk adjustment. 
Summary and Discussion
We have derived approximate adjustments to reduce and asymptotically eliminate the bias in performance of mean-variance efficient portfolios formed in the presence of estimation error. To do this, we used the method of statistical differentials, which is based on expected second-order Taylor series expansions of the nonlinear optimization process. When this approximation is effective, the adjusted efficient frontier will more realistically represent the actual performance of a portfolio that is mean-variance optimal for the estimated asset distribution. In agreement with results of previous empirical investigations, the size of our theoretical adjustment (for both the mean and the standard deviation) increases linearly with the number of assets (because, with more assets, there is more flexibility for statistical error to distort the optimization process) and decreases inversely with the size of the data set as measured by the number of time periods (because statistical error tends to decrease in larger samples). Our derivations are based on Taylor-series expansions and are therefore not finite-sample exact. While the resulting bias adjustments are not perfectly accurate, they appear to work better than the secondorder approximations on which they are based (we are grateful to an anonymous referee for pointing this out). This may be because the next-order term in the expansion has expectation zero, and/or it may be due to correlation among the stochastic expansion terms that are combined. The approximations will tend to become poor when T is smaller (because the statistical estimates will tend to be farther from the true parameter values about which they are expanded) and when n is larger (because the optimization procedure may tend to choose a combination of assets with high estimation error). Further research will be required to assess the limits of applicability of the approximations presented here.
Surprisingly, in the special case of three assets, no asymptotic adjustment is necessary for the portfolio mean. With four or more assets, the adjustment of the mean is in the direction of the mean of the globally minimum-variance portfolio, showing that the naïve mean is biased upwards along the upper efficient frontier. The adjusted standard deviation, for any number of assets, is always larger than the naïve standard deviation, showing a downward bias for the naïve risk measure. With four or more assets, the naïve Sharpe-ratio maximizing tangency portfolio is not the portfolio on the naïvely-estimated efficient frontier with the highest actual Sharpe ratio. Accordingly, we adjust the Sharpe-ratio maximizing tangency portfolio, which tends to move closer to the globally minimum variance portfolio and to become more diversified.
When estimating efficient portfolios of international equities, the size of the bias is statistically significant in many cases. With four to six countries, the adjustment reduces the size of the bias and, in most of these cases, eliminates the statistical significance of the bias. Although the theory is asymptotic, it seems to work well even for small and medium sample sizes. Diversification was generally increased when the bias-adjusted Sharpe ratio was maximized in place of the naïve Sharpe ratio. Tests of the economic impact of the adjustment find that an agent who ignores estimation risk will consistently experience a certainty equivalence loss of utility across a variety of risk-aversion levels and sample periods. Bootstrap simulations establish robustness with respect to the normality assumption and, combined with the results of tests of the empirical step-ahead performance of international portfolios, confirm the effectiveness of the proposed bias adjustments.
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